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We derive a state-dependent error-disturbance trade-off based on a statistical distance in the
sequential measurements of a pair of noncommutative observables and experimentally verify the
relation with a photonic qubit system. We anticipate that this Letter may further stimulate the
study on the quantum uncertainty principle and related applications in quantum measurements.
Introduction.—Uncertainty is an essential feature of
quantum mechanics, which underlies the quantum mea-
surement and the emerging quantum information science
[1, 2] and is best reflected in the joint measurements of
a pair of noncommutative observables Aˆ and Bˆ. When
measured separately, their measurement precisions, de-
noted by standard deviations σ(Aˆ) and σ(Bˆ), are jointly
constrained by the celebrated Heisenberg-Robertson re-
lation, σ(Aˆ)σ(Bˆ) ≥ 12 〈[Aˆ, Bˆ]〉 [3–5]. For sequential (or
joint) measurements that are an important aspect of the
quantum uncertainty principle, a simple and intuitive
trade-off between the error (Aˆ) and the disturbance
η(Bˆ) has remained a long-sought goal [6–8]. Heisen-
berg’s intuition, (Aˆ)η(Bˆ) ≥ 12 |〈[Aˆ, Bˆ]〉| [3], was negated
in the experiments [9–14]. Ozawa recently showed that
the error and disturbance quantified by the root-mean-
square (rms) deviations, (Aˆ) = 〈(NˆAˆ− Aˆ⊗ Iˆ)2〉(1/2) and
η(Bˆ) = 〈(NˆBˆ−Bˆ⊗Iˆ)2〉(1/2), satisfy the following relation
[15–17],
(Aˆ)η(Bˆ) + (Aˆ)σ(Bˆ) + σ(Aˆ)η(Bˆ) ≥ 1
2
|〈[Aˆ, Bˆ]〉|, (1)
where NˆAˆ = Uˆ
†(Iˆ⊗Mˆ)Uˆ and NˆBˆ = Uˆ†(Bˆ⊗Iˆ)Uˆ are noise
operators, and the unitary operator Uˆ couples the system
state ρ to the meter state µ. (Aˆ) [η(Bˆ)] is extracted as
the rms difference between the value of Aˆ (Bˆ) measured
with the initial system state ρ and the value of Mˆ (Bˆ)
measured with the coupled state Uˆ+(ρ⊗ µ)Uˆ . (Aˆ) and
η(Bˆ) are analogs of the classical rms values. Relation
(1) was soon verified in a number of experiments [9–12],
which thereafter has stimulated a great deal of interest in
the investigation of joint measurability of two observables
with fruitful outcomes [1, 2, 13, 14, 18–35].
Quantum mechanics is fundamentally probabilistic. A
quantum measurement gives rise to a probability distri-
bution associated with the eigenvalues of the measure-
ment observable. While the rms (or a similar value com-
parison) approach uses the information of both values
and probability distributions of observables, studying the
joint measurability from the information theoretic per-
spective, which characterizes error and disturbance only
based on probability distributions in the format of rel-
ative entropy, statistical distances, etc., has also been
explored in depth [21, 23–25, 29, 32–35]. Inspired by
this remarkable progress, we present in this Letter a new
study on the error-disturbance trade-off. By adopting
the probability distance used in characterizing the in-
compatibility of the two measurements [21, 25], we show
that the error and disturbance trade-off relation in the
sequential measurements are naturally constrained by a
triangle inequality. This relation satisfies the natural and
significant requirements for operational error and distur-
bance [28], is free of the shortcomings of relation (1) and
is state dependent.
Main results.—Consider a given quantum state ρ and
two observables, Aˆ =
∑
i
aiAˆi and Bˆ =
∑
i
biBˆi, where
{Aˆi} and {Bˆi} ({ai} and {bi}) are the projective mea-
surements with respect to the eigenvectors (eigenvalues)
of Aˆ and Bˆ, respectively. The measurement Aˆ (Bˆ) on
state ρ gives rise to the probabilities of obtaining {ai}
({bi}): pai = 〈Aˆi〉 := Tr(ρAˆi) [pbi = 〈Bˆi〉 := Tr(ρBˆi)].
We define the statistical distance, ζAˆBˆ :=
∑
i
|pai − pbi|.
The statistical distance has the following properties:
ζAˆBˆ ≥ 0 and ζAˆBˆ = 0 if two statistics coincide.
Similarly, we introduce {Mˆi} as a complete set of
projective measurements on the meter state, {Cˆi} with
Cˆi = Uˆ
†(Iˆ ⊗ Mˆi)Uˆ and {Dˆi} with Dˆi = Uˆ†(Bˆi ⊗ Iˆ)Uˆ
as complete sets of projective measurements with re-
spect to the noise operators NˆAˆ and NˆBˆ , respectively.
Correspondingly, one has probabilities pci = 〈Cˆi〉 and
pdi = 〈Dˆi〉. In terms of statistical distance, the error and
ar
X
iv
:1
90
3.
10
73
0v
1 
 [q
ua
nt-
ph
]  
26
 M
ar 
20
19
2disturbance are defined by
(Aˆ) = ζAˆCˆ = min
∑
i
|paσ(i) − pci|, (2)
η(Bˆ) = ζBˆDˆ = min
∑
i
|pbσ(i) − pdi|, (3)
where the minimization takes over all index permutations
σ(i) of i.
We rewrite Eq. (2) as (Aˆ) = min
∑
i
|paσ(i) − pci| =∑
i
|pai − pci|, and Eq. (3) as η(Bˆ) = min
∑
i
|pbσ(i) −
pdi| =
∑
i
|pbi − pdi| by relabelings the subindices of Pa
and Pb, respectively. Correspondingly, we have ζAˆBˆ =∑
i
|pai − pbi| and ζCˆDˆ =
∑
i
|pci − pdi|. Utilizing the
triangle inequality for any metric functions, we have
(Aˆ) + η(Bˆ) = ζAˆCˆ + ζBˆDˆ =
∑
i
[|pai− pci|+ |pbi− pdi|] ≥∑
i
[|pai−pbi|−|pci−pdi|] = ζAˆBˆ−ζCˆDˆ and (Aˆ)+η(Bˆ) ≥∑
i
[|pci − pdi| − |pai − pbi|] = ζCˆDˆ − ζAˆBˆ . Therefore, we
obtain (Aˆ) + η(Bˆ) ≥ |ζAˆBˆ − ζCˆDˆ| ≡ ξG. Taking into
account that (Aˆ) =
∑
i
|pai − pci| =
∑
i
|paσ(i) − pcσ(i)|
(similarly for η(Bˆ)), we define ξG,max = max ξG =
max |∑
i
[|paσ(i) − pbi| − |pcσ(i) − pdi|]|, where the maxi-
mization takes over all index permutations σ(i). We then
reach the following theoretical result:
Theorem 1.—The sequential measurements associ-
ated with observables Aˆ and Bˆ satisfy the following error-
disturbance trade-off,
(Aˆ) + η(Bˆ) ≥ ξG,max. (4)
We note that Cˆ and Dˆ are the general measurement
operators associated with Aˆ and Bˆ, respectively. The
lower bound ξG,max may be viewed as the error induced
by the general measurements. ξG = 0 if Cˆ and Dˆ reduce
to Aˆ and Bˆ for sharp measurements.
We notice that relation (1) is “nonideal” [23, 36] at
several aspects. For maximally mixed states, the right
hand side (RHS) of relation (1) vanishes for any Aˆ and
Bˆ. It is not physically reasonable that (Aˆ) can vanish
for noisy measurements, while η(Bˆ) needs not to vanish
for nondisturbing measurements. Note that in [31] the
right hand side of relation (1) is replaced by a stronger
constant given by DAB = Tr(|√ρ[Aˆ, Bˆ]√ρ|)/2, which
does not vanish for a maximally-mixed state. In addi-
tion, relation (1) varies with the relabelings of eigenval-
ues and measurement outcomes. We remark that rela-
tion (4) is free of these shortcomings. Relation (4) is
also state dependent, which is different from previous
state independent results from the information perspec-
tive [1, 21, 23–25, 35]. Furthermore, we note that our
statistical distance-based measures of error and distur-
bance satisfy the natural and significant requirements for
FIG. 1. Computed error (a), disturbance (b), and Ξ (c) for
qubits under a number of experimental conditions, with am-
plitude indicated by the color bar. We consider here the sys-
tem qubit |Φ〉s = cosα|0〉s + sinα|1〉s is coupled to the meter
qubit |Φ〉m = cos θ|0〉m + sin θ|1〉m with a CNOT gate (see
Supplementary materials). α ∈ [0, pi/2] and θ ∈ [0, pi/4].
operational error and disturbance [28]. We present be-
low two theoretical analyses of relation (4) for qubit and
qutrit, followed by an experimental verification of rela-
tion (4) in the photonic qubit system. We note that the
Wasserstein-2 distance was used in characterizing the in-
compatibility of the two measurements [21, 25, 34], which
coincides with trace distance for the qubit case up to a
constant factor 2 [25].
We plot the error and disturbance computed with Eqs.
(2) and (3) for the measurements of a pair of noncommu-
tative Pauli operators Aˆ = Zˆ and Bˆ = (Xˆ + Yˆ + Zˆ)/
√
3
on qubit, respectively, in Figs. 1(a) and 1(b), which gen-
erally exhibit a complementary feature between error and
3disturbance (see Supplemental Material Sec. I). Defin-
ing Ξ = (Aˆ) + η(Bˆ) − ξG,max, we plot the value of Ξ
in Fig. 1(c). It is evident that Ξ ≥ 0, hence confirming
relation (4). We note that if Aˆ and Bˆ in their Bloch
representations Aˆ = ~a · ~σ and Bˆ = ~b · ~σ are orthogonal,
~a · ~b = 0, we have Ξ = 0, the complementary property
is more pronounced (see Supplemental Material Sec. I).
The stripe appearing on the lower part of Fig. 1(b) is due
to the nonorthogonal part, which may be interpreted as
the partial information gained in the measurement of Bˆ
that is compatible with the measurement of Aˆ.
We plot the computed error and disturbance for the
measurements of a pair of noncommutative angular mo-
mentum observables on qutrit, with Aˆ = Lˆz and Bˆ = Lˆx,
[Lˆz, Lˆx] = iLˆy, respectively in Figs. 2(a) and 2(b), which
exhibits a clear complementary feature (see Supplemen-
tal Material Sec. I). We plot the value of Ξ in Fig. 2(c).
It is evident that Ξ ≥ 0, hence confirming relation (4).
We now present an experimental verification of rela-
tion (4) with the measurements of a pair of noncommu-
tative Pauli operators Aˆ = Zˆ and Bˆ = Xˆ on a pho-
tonic qubit system. The quantum circuit for the ex-
perimental implementation is given in Fig. 3(a) [38].
The system qubit |Φ〉s = cosα|0〉s + eiφ sinα|1〉s is se-
quentially coupled (via a unitary operation UˆC) to a
probe qubit, |Φ〉p = γ|0〉p + γ¯|1〉p, and a meter qubit,
|Φ〉m = cos θ|0〉m+sin θ|1〉m. All three states are normal-
ized. The quantum circuit yields eight joint measurement
outcomes ∈ zp ⊗ zm ⊗ xs, with zp, zm and xs = {+,−},
which are completely described by a set of positive-
operator-valued measures (POVMs) {Πˆjkl}, with j, k
and l ∈ {+,−}. Denote Πˆj = ΣklΠˆjkl, Πˆk = ΣjlΠˆjkl
and Πˆl = ΣjkΠˆjkl, with ΣjΠˆj = ΣkΠˆk = ΣlΠˆl = 1.
Here the one-to-one correspondence is given between zp
and Πˆj , zm and Πˆk, and xs and Πˆl. Associated with
the POVMs, the probabilities {pa±}, {pb±}, {pc±}, and
{pd±} in relation (4) are given by (see Supplemental Ma-
terial Sec. II),
pa± =
1
2
(1± 〈Πˆ
a
j=+〉 − 〈Πˆaj=−〉
2γ2 − 1 ),
pb± =
1
2
(1± 〈Πˆ
b
j=+〉 − 〈Πˆbj=−〉
2γ2 − 1 ),
pc± = 〈Πˆk=±〉 = 1
2
(1± cos 2θ〈Zˆ〉),
pd± = 〈Πˆl=±〉 = 1
2
(1± sin 2θ〈Xˆ〉),
(5)
where Πˆaj=± =
1
2 [Iˆ ± (2γ2 − 1)Zˆ] and Πˆbj=± = 12 [Iˆ ±
(2γ2 − 1)Xˆ]. It is straightforward to show that the error
and disturbance trade-off relation (4) holds tight (dashed
lines in Fig. 4).
Experimental implementation.—As shown in Fig. 3(b),
we encode the system, probe and meter qubits using
the polarization and path degrees of freedom of single
photons, respectively. We first attenuate the emission
FIG. 2. Computed error (a), disturbance (b), and Ξ (c) for
qutrits under a number of experimental conditions, with am-
plitude indicated by the color bar. We consider here the sys-
tem qutrit |Φ〉s = sinα cosφs|0〉s + sinα sinφs|1〉s + cosα|2〉s
is coupled to the meter qutrit |Φ〉m = sin θ cosφm|0〉m +
sin θ sinφm|1〉m + cos θ|2〉m with a generalized control gate
Uˆ [37] (see Supplementary materials). α = φs = pi/4,
θ ∈ [0, pi/2] and φm ∈ [0, pi/2].
of a continuous wave, distributed feedback laser with a
linewidth of 2 MHz at 1560 nm to approximate a single
photon source, |β〉 ≈ |0〉 + β|1〉 with |β|2  1. We then
pass the single photons through a polarizer (with polar-
ization extinction better than 105 : 1). With a pair of
half and quarter wave plates, we can create arbitrarily
a polarization qubit on the Bloch sphere as the system
qubit, |Φ〉s = cosα|0〉pol + eiφ sinα|1〉pol, where α is the
angle of the fast axis of a HWP oriented from the vertical,
states |0〉pol and |1〉pol stand for horizontal and vertical
polarization states |H〉 and |V 〉, respectively, and φ is the
phase. The probe qubit, |Φ〉p = γ|0〉path+ γ¯|1〉path, is en-
4FIG. 3. (a) Quantum circuit model of measuring observable
Xˆ (Zˆ) with (without) applying Hadamard gates Hˆ. The sys-
tem qubit is sequentially coupled to the probe qubit and the
meter qubit by CNOT gates, with measurement outcomes
zp, zm and xs, respectively. (b) We prepare an arbitrary sys-
tem qubit on the Bloch sphere by passing the attenuated laser
beam through a polarizer and a pair of half (HWP) and quar-
ter (QWP) wave plates. A HWP is set to 0◦ oriented from
the vertical for the measurement of observable Zˆ or to 22.5◦
(HWP@22.5) to implement a Hadamard gate Hˆ for the mea-
surement of observable Xˆ. We first couple the system qubit
to probe qubit by a Sagnac interferometer. This coupling
yields two identical outputs in two paths, and each couples
to a meter qubit via a Sagnac interferometer. This results
in four outputs, which create eight outputs after polarization
analysis. Each of the eight outputs is detected by a single
photon detector D. (c) A quantum circuit illustration of im-
plementing the coupling (UˆC) with a Sagnac interferometer,
UˆC = UˆpathUˆPBSUˆγUˆphaseUˆpathUˆPBS .
coded with the path degree of freedom of single photons,
with |0〉path for clockwise and |1〉path for counterclockwise
propagation states in the Sagnac interferometer.
We implement the unitary coupling UˆC of the system
qubit, |Ψ〉s = (cosα|0〉pol + eiφ sinα|1〉pol)|0〉path, to the
probe qubit with a Sagnac interferometer [30, 38], with
UˆC = UˆpathUˆPBSUˆγUˆphaseUˆpathUˆPBS illustrated in Fig.
3(c). Both UˆPBS and Uˆpath are CNOT gates. While
UˆPBS is implemented with a polarizing beam splitter
(PBS) with polarization qubit as the control and the path
qubit as the target, Uˆpath is implemented with a half wave
plate oriented at 45o (HWP@45) from the vertical with
the path qubit as the control and the polarization qubit
as the target. Uˆphase is a Zˆ-phase gate, where we sim-
ply use the fact that single photons in state |V 〉 acquire
a pi− phase with respect to photons in state |H〉 upon
reflection on a mirror. Uˆγ describes the coupling of the
polarization qubit to path qubit by a HWP.
We subsequently couple the system qubit to the meter
qubit with two Sagnac interferometers to account for the
two paths (see Supplemental Material Sec. III). Note
that a quartz plate is used to null the phase difference
between the clockwise and counterclockwise propagation
states in the interferometer, and HWPs are inserted to
realize the Hadamard gate for the measurement of Xˆ.
We use InGaAs single photon detectors [labeled by
Djkl in Fig. 3(b), with j, k, l = ±] to detect single
photons from the eight output ports in the experiment,
with the gating window of the detectors set to 2 ns and
the duty cycle set to 1 µs to reduce background noise.
With the number of single photon detection events at
the eight output ports, Njkl, we compute the probabili-
ties as Pj =
∑
klNjkl
N , Pk =
∑
jlNjkl
N , and Pl =
∑
jk Njkl
N ,
respectively, where N =
∑
jklNjkl. We then obtain
pa±(pb±) = 12 (1± Pj=+−Pj=−2γ2−1 ) for the measurement of Zˆ
(Xˆ), pc± = 〈Πˆk=±〉 = Pk=± and pd± = 〈Πˆl=±〉 = Pl=±.
Note that γ varies from
√
2/2 for no coupling to γ = 1
for projective (sharp) measurement. We set γ = 0.766 to
work in the weak measurement limit in the experiment.
For the linearly polarized system qubit, |Φ〉s =
cosα|0〉pol + sinα|1〉pol, we vary in the experiment the
linear polarization of the system qubit from state |H〉 to
state |V 〉 and the strength to couple the system qubit
to the meter qubit from zero for no coupling to one for
projective measurement. As we noted earlier in the text,
we have Ξ = 0 in this case. For a better illustration, we
plot the values of the LHS and RHS of relation (4) (red
and blue circles), respectively, in Fig. 4. They generally
coincide with each other with a few exceptions that the
LHS is greater than RHS. By incorporating the imperfec-
tion of PBS, i.e., the imperfect PBS reflects (transmits) a
very small percentage of single photons in state |H〉 (|V 〉),
we theoretically reproduce the experimental observations
(smooth line), hence verifying the error-disturbance re-
lation (4). (see Supplemental Material Sec. IV for de-
tails and V for results on the circularly polarized system
qubit).
Conclusion.—We theoretically derived and experimen-
tally verified that the summation of error and disturbance
quantified by the statistical distance is lower bounded by
a tight inequality. This new trade-off relation is free of
the shortcomings of relation (1) and the lower bound is
state dependent. We anticipate that our work may stimu-
late further investigations on quantum uncertainties and
5FIG. 4. Experimental measurements of the LHS and RHS
of relation (4). The single photon system qubit is given by
|Φ〉s = cosα|0〉pol + sinα|1〉pol. From (a) to (d), the angle θ
in the measurement strength cos 2θ is set to 0◦, 9◦, 18◦, and
27◦, respectively. LHS: red, RHS: blue. Dashed line: ideal
theory, smooth line: theory corrected with the imperfection
in PBS, circles: experimental results. The error bars stand
for one standard deviation, assuming Poissonian statistics.
applications in measurement science.
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Supplemental Materials: Error-Disturbance trade-off in Sequential Quantum
Measurements
I. THE THEORETICAL RESULTS OF Ξ
According to the main text, we consider a given quantum state ρs, meter state ρm, and two observables, Aˆ =∑
i
aiAˆi and Bˆ =
∑
i
biBˆi, where {Aˆi} and {Bˆi} ({ai} and {bi}) are the projective measurements with respect to the
eigenvectors (eigenvalues) of Aˆ and Bˆ, respectively. The measurement Aˆ (Bˆ) on state ρ gives rise to the probabilities
of obtaining {ai} ({bi}): pai = 〈Aˆi〉 := Tr(ρAˆi) (pbi = 〈Bˆi〉 := Tr(ρBˆi)).
Following the indirect measurement model [38], {Cˆi} with Cˆi = Uˆ†(Iˆ ⊗ Mˆi)Uˆ and {Dˆi} with Dˆi = Uˆ†(Bˆi ⊗ Iˆ)Uˆ
are complete sets of general measurements with respect to sharp measurements Aˆ and Bˆ, respectively. Here we set
Mˆ = Aˆ with {Mˆi} as a complete set of projective measurements on the meter state. In the following we examine our
error-disturbance trade-off for qubits and qutrits.
A. The theoretical results of Ξ for qubits
We consider the system state |Φ〉s = cosα|0〉s + eiφ sinα|1〉s, so the density matrix is ρs = (1 + ~rs · ~σ)/2, where
~rs = (sin 2α cosφ, sin 2α sinφ, cos 2α) and ~σ = (Xˆ, Yˆ , Zˆ) are the three Pauli matrices. The meter state is |Φ〉m =
cos θ|0〉m + sin θ|1〉m, with the density matrix ρm = (1 + ~rm · ~σ)/2 and ~rm = (sin 2θ, 0, cos 2θ). The unitary operater
Uˆ is a Controlled-NOT (CNOT) gate, Uˆ = |0〉ss〈0| ⊗ Iˆm + |1〉ss〈1| ⊗ Xˆm. We choose two observables Aˆ = ~a · ~σ and
6Bˆ = ~b · ~σ with ~a = (0, 0, 1) and ~b = (sin θb cosϕ, sin θb sinϕ, cos θb). Consequently, we have
pa± = Tr(ρsAˆ±) =
1
2
(1± 〈Aˆ〉),
pb± = Tr(ρsBˆ±) =
1
2
(1± 〈Bˆ〉),
pc± = Tr((ρs ⊗ ρm)Cˆ±) = 1
2
(1± cos 2θ〈Aˆ〉),
pd± = Tr((ρs ⊗ ρm)Dˆ±) = 1
2
{1± (sin 2θ〈Bˆ〉+ (1− sin 2θ)(~b · ~a)〈Aˆ〉)},
(6)
where 〈Aˆ〉 = ~a · ~rs and 〈Bˆ〉 = ~b · ~rs. Correspondingly, the measurement errors (Aˆ) (η(Bˆ)) of the observables Aˆ (Bˆ)
are given by
(Aˆ) = ζAˆCˆ = min
∑
i
|pai − pci| = (1− cos 2θ)|〈Aˆ〉|,
η(Bˆ) = ζBˆDˆ = min
∑
i
|pbi − pdi| = min{η1(Bˆ), η2(Bˆ)},
(7)
where
η1(Bˆ) = |pb+ − pd+|+ |pb− − pd−| = (1− sin 2θ)|〈Bˆ〉 − (~b · ~a)〈Aˆ〉|,
η2(Bˆ) = |pb+ − pd−|+ |pb− − pd+| = |(1 + sin 2θ)〈Bˆ〉 − (1− sin 2θ)(~b · ~a)〈Aˆ〉|.
(8)
For η(Bˆ) = η1(Bˆ), we have
ξG,max = max ξG = max{ξG1, ξG2},
ξG1 = ||pa+ − pb+|+ |pa− − pb−| − |pc+ − pd+| − |pc− − pd−||,
= ||〈Aˆ〉 − 〈Bˆ〉| − | cos 2θ〈Aˆ〉 − sin 2θ〈Bˆ〉 − (1− sin 2θ)(~b · ~a)〈Aˆ〉||,
ξG2 = ||pa+ − pb−|+ |pa− − pb+| − |pc+ − pd−| − |pc− − pd+||,
= ||〈Aˆ〉+ 〈Bˆ〉| − | cos 2θ〈Aˆ〉+ sin 2θ〈Bˆ〉+ (1− sin 2θ)(~b · ~a)〈Aˆ〉||.
(9)
We then have
Ξ = (Aˆ) + η(Bˆ)− ξG,max = min{((Aˆ) + η1(Bˆ)− ξG,1), ((Aˆ) + η1(Bˆ)− ξG,2)} = min{Ξ1,Ξ2}. (10)
For η(Bˆ) = η2(Bˆ), we have
ξG,max = max ξG = max{ξG3, ξG4},
ξG3 = ||pa+ − pb+|+ |pa− − pb−| − |pc+ − pd−| − |pc− − pdc+||,
= ||〈Aˆ〉 − 〈Bˆ〉| − | cos 2θ〈Aˆ〉 − sin 2θ〈Bˆ〉 − (1− sin 2θ)(~b · ~a)〈Aˆ〉||,
ξG4 = ||pa+ − pb−|+ |pa− − pb+| − |pc+ − pd+| − |pc− − pd−||,
= ||〈Aˆ〉+ 〈Bˆ〉| − | cos 2θ〈Aˆ〉+ sin 2θ〈Bˆ〉+ (1− sin 2θ)(~b · ~a)〈Aˆ〉||,
(11)
we then have
Ξ = (Aˆ) + η(Bˆ)− ξG,max = min{((Aˆ) + η2(Bˆ)− ξG,3), ((Aˆ) + η2(Bˆ)− ξG,4)} = min{Ξ3,Ξ4}. (12)
We now consider two cases:
(1) ~b · ~a = 0. Ξ reduces to min{Ξ1,Ξ2}, and we have
Ξ1 ≥ 0 and Ξ2 = 0, 〈Aˆ〉 ≥ 0 and 〈Bˆ〉 ≥ 0,
Ξ1 ≥ 0 and Ξ2 = 0, 〈Aˆ〉 ≤ 0 and 〈Bˆ〉 ≤ 0,
Ξ2 ≥ 0 and Ξ1 = 0, 〈Aˆ〉 ≥ 0 and 〈Bˆ〉 ≤ 0,
Ξ2 ≥ 0 and Ξ1 = 0, 〈Aˆ〉 ≤ 0 and 〈Bˆ〉 ≥ 0.
(13)
7FIG. 5. Computed error (a), disturbance (b), and Ξ (c) for qubits under a number of experimental conditions, with amplitude
indicated by the color bar. We consider the system qubit |Φ〉s = cosα|0〉s + sinα|1〉s is coupled to the meter qubit |Φ〉m =
cos θ|0〉m + sin θ|1〉m with a CNOT gate. We set Aˆ = Zˆ and Bˆ = Xˆ. α ∈ [0, pi/2] and θ ∈ [0, pi/4].
It is obvious that Ξ = 0. Hence the relation (4) is tight .
We plot the error and disturbance computed for the measurements of a pair of noncommutative Pauli operators
Aˆ = Zˆ and Bˆ = Xˆ on qubit respectively in Fig. 5(a) and (b), which generally exhibits a complementary feature
between error and disturbance. We plot the value of Ξ in Fig. 5(c). It is evident that Ξ = 0, hence confirming our
relation.
(2) ~b · ~a 6= 0. We set Aˆ = Zˆ and Bˆ = (Xˆ + Yˆ + Zˆ)/√3, see the main text.
B. The theoretical results of Ξ for qutrits
We consider the sets of angular momentum operators {Lˆx, Lˆy, Lˆz}, with [Lˆi, Lˆj ] = ijkLˆk. We set Aˆ = Lˆz with
eigenvalues 1, 0 and -1. The corresponding eigenvectors
aˆ1 =
 10
0
 , aˆ2 =
 01
0
 , aˆ3 =
 00
1
 , (14)
8we then have
Lˆx =
 0
1√
2
0
1√
2
0 1√
2
0 1√
2
0
 , Lˆy =
 0 −
1√
2
i 0
1√
2
i 0 − 1√
2
i
0 1√
2
i 0
 , Lˆz =
 1 0 00 1 0
0 0 −1
 . (15)
We consider Bˆ = Lˆx, with eigenvalues 1, 0 and -1, and eigenvectors
bˆ1 =

1
2
1√
2
1
2
 , bˆ2 =

− 1√
2
0
1√
2
 , bˆ3 =

1
2
− 1√
2
1
2
 , (16)
Accordingly, we take the measurements on the meter state Mˆ = Aˆ and the unitary operater Uˆ [37] as:
Uˆ =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0

. (17)
We consider a system state |Φ〉s = f1|0〉s + f2|1〉s + f3|2〉s = sinα cosφs|0〉s + eiχ12 sinα sinφs|1〉s + eiχ13 cosα|2〉s,
where 0 ≤ α, φs ≤ pi/2, 0 ≤ χ12, χ13 ≤ 2pi, and |f1|2 + |f2|2 + |f3|2 = 1. The meter state is |Φ〉m = sin θ cosφm|0〉m +
sin θ sinφm|1〉m + cos θ|2〉m, where 0 ≤ θ, φm ≤ pi/2. We compute pai = 〈Aˆi〉 = Tr(ρsaˆiaˆ†i ), pbi = 〈Bˆi〉 = Tr(ρsbˆibˆ†i ),
pci = 〈Cˆi〉 = Tr((ρs ⊗ ρm)Uˆ†(Iˆ ⊗ aˆiaˆ†i )Uˆ) and pdi = 〈Dˆi〉 = Tr((ρs ⊗ ρm)Uˆ†(bˆibˆ†i ⊗ Iˆ)Uˆ), which are given as
pa1 = f
2
1 ,
pa2 = f
2
2 ,
pa3 = f
2
3 ,
pb1 =
1
4
{|f1|2 + 2|f2|2 + |f3|2 + (f1 f∗3 + f∗1 f3) +
√
2(f1 f
∗
2 + f
∗
1 f2) +
√
2(f2 f
∗
3 + f
∗
2 f3)},
pb2 =
1
2
(|f1|2 + |f3|2)− (f1 f∗3 + f∗1 f3)
pb3 =
1
4
{|f1|2 + 2|f2|2 + |f3|2 + (f1 f∗3 + f∗1 f3)−
√
2(f1 f
∗
2 + f
∗
1 f2)−
√
2(f2 f
∗
3 + f
∗
2 f3)},
pc1 = |f1|2 cos2φm sin2 θ + |f2|2 cos2θ + |f3|2 sin2φm sin2θ,
pc2 = |f1|2 sin2φm sin2θ + |f2|2 cos2φm sin2θ + |f3|2 cos2θ,
pc3 = |f1|2 cos2θ + |f2|2 sin2φm sin2θ + |f3|2 cos2φm sin2θ,
pd1 =
1
4
(|f1|2 + 2|f2|2 + |f3|2) + 1
8
{sin 2φm sin2 θ + sin 2θ(cosφm + sinφm)}
{(f1 f∗3 + f∗1 f3) +
√
2(f1 f
∗
2 + f
∗
1 f2) +
√
2(f2 f
∗
3 + f
∗
2 f3)},
pd2 =
1
2
(|f1|2 + |f3|2)− 1
4
{sin 2φm sin2 θ + sin 2θ(cosφm + sinφm)}
{(f1 f∗3 + f∗1 f3)},
pd3 =
1
4
(|f1|2 + 2|f2|2 + |f3|2) + 1
8
{sin 2φm sin2 θ + sin 2θ(cosφm + sinφm)}
{(f1 f∗3 + f∗1 f3)−
√
2(f1 f
∗
2 + f
∗
1 f2)−
√
2(f2 f
∗
3 + f
∗
2 f3)}.
(18)
Note that for θ = pi/2 and φm = 0, we have pci = pai, the measurement of Cˆ is identical to the measurement of Aˆ ,
9FIG. 6. Computed error (a), disturbance (b), and Ξ (c) for qutrits under a number of experimental conditions, with amplitude
indicated by the color bar. We fix the system state with α = pi/3, φs = pi/2, and χ12 = χ13 = 0 (χ12 = pi/6, χ13 = pi/3) in
(a)–(c) ((d)–(f)). θ ∈ [0, pi/2] and φm ∈ [0, pi/2].
which is the projective measurement performed on the meter state. For θ = arctan(
√
2), φm = pi/4, we have pdi = pbi,
which is the weak measurement limit in this case.
For a given system state, with α = pi/3, φs = pi/2, and χ12 = χ13 = 0 (χ12 = pi/6, χ13 = pi/3), we plot the computed
error, disturbance and Ξ for the measurements of Aˆ = Lˆz and Bˆ = Lˆx in Fig. 6(a)–(c) (6(d)–(f)), respectively. It is
evident that Ξ ≥ 0, hence confirming relation (4).
II. CALCULATION OF THE PROBABILITIES OF FOUR MEASUREMENTS: Aˆ, Bˆ, Cˆ AND Dˆ FOR
QUBIT STATE
In this section, we detailedly analyze the quantum circuit model [30, 38] of measuring Aˆ = Zˆ and Bˆ = Xˆ in Fig.
7 (Fig. 1 (a) in the main text). The top and middle wires represent the probe state |Φ〉p = γ|0〉p + γ¯|1〉p and the
meter state |Φ〉m = cos θ|0〉m + sin θ|1〉m, while the bottom wire corresponds to the system state |Φ〉s = δ|0〉s +ω|1〉s,
where, for convenience, we replace cosα and eiφ sinα in the main text with δ and ω, respectively. Each state is in
a 2-dimensional Hilbert spaces Hs, Hp and Hm, respectively. It is obvious that we can prepare |Φ〉s ⊗ |Φ〉p ⊗ |Φ〉m
in Hilbert space Hs ⊗ Hp ⊗ Hm as the input state. All three states are properly normalized. The system state
is sequentially coupled to the probe qubit and the meter qubit by two CNOT gates. Two Hadamard gates H are
inserted to the system state before and after the first CNOT gate when the weak measurement for Xˆ is taken. The
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projective measurement Zˆ, Zˆ, Xˆ is separately performed on the probe state, meter state and system state, with the
corresponding measurement outcomes represented by zp, zm and xs, respectively. Then, the outcomes of our scheme
can be described as joint measurement of three ±1 three valued observables, with probabilities
Pjkl = P (zp = j, zm = k, xs = l) with j, k, l ∈ ±, (19)
which are determined by a set of positive-operator-valued-measures (POVMs) {Πjkl}. Associated with the POVMs,
it is straightforward to calculate the probabilities {pa±}, {pb±}, {pc±} and {pd±} of the measurements Aˆ, Bˆ, Cˆ, Dˆ,
respectively. Next, we will show the calculation of {pa±}, {pb±}, {pc±} and {pd±} in detail.
FIG. 7. Quantum circuit model of measuring observable Xˆ (Zˆ) with (without) applying Hadamard gates H in a 3-qubit
system. As shown in the main text, The system state is sequentially coupled to the probe qubit and the meter qubit by two
CNOT gates, with the measurement outcomes of zp, zm and xs, respectively.
A. Calculation of the probabilities {pa±} and {pc±} for qubit state
Following the procedures in Ref [30], after coupling the input system state to the probe state by the first CNOT
gate, the state is given as
|ψ〉1 = CNOT |Φ〉p ⊗ |Φ〉s
= CNOT (γ|0〉p + γ¯|1〉p)⊗ (δ|0〉s + ω|1〉s)
= (δγ|0〉p + δγ¯|1〉p)⊗ |0〉s + (ωγ|1〉p + ωγ¯|0〉p)⊗ |1〉s
= |p0〉 ⊗ |0〉s + |p1〉 ⊗ |1〉s,
(20)
where
|p0〉 = δγ|0〉p + δγ¯|1〉p, |p1〉 = ωγ|1〉p + ωγ¯|0〉p. (21)
Then, the meter state is added into the whole system through the second CNOT gate. Hence the final system state
|ψ〉f is evolved to be
|ψ〉f = CNOT (|p0〉 ⊗ |0〉s + |p1〉 ⊗ |1〉s)⊗ (cos θ|0〉m + sin θ|1〉m)
= |p0〉 ⊗ |0〉s ⊗ (cos θ|0〉m + sin θ|1〉m) + |p1〉 ⊗ |1〉s ⊗ (cos θ|1〉m + sin θ|0〉m)
= |p0〉 ⊗ |0〉s ⊗ |m0〉+ |p1〉 ⊗ |1〉s ⊗ |m1〉,
where
|m0〉 = cos θ|0〉m + sin θ|1〉m,
|m1〉 = cos θ|1〉m + sin θ|0〉m. (22)
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Denote |+〉s = 1√2 (|0〉s + |1〉s) and |−〉s = 1√2 (|0〉s − |1〉s), which are the eigenstates of Xˆ. |ψ〉f can be rewritten as
|ψ〉f = |p0〉 ⊗ |0〉s ⊗ |m0〉+ |p1〉 ⊗ |1〉s ⊗ |m1〉
=
1√
2
(|p0〉 ⊗ |+〉s ⊗ |m0〉+ |p0〉 ⊗ |−〉s ⊗ |m0〉+ |p1〉 ⊗ |+〉s ⊗ |m1〉 − |p1〉 ⊗ |−〉s ⊗ |m1〉)
=
1√
2
[(δγ cos θ + ωγ¯ sin θ)|0〉p ⊗ |+〉s ⊗ |0〉m + (δγ sin θ + ωγ¯ cos θ)|0〉p ⊗ |+〉s ⊗ |1〉m
+ (δγ¯ cos θ + ωγ sin θ)|1〉p ⊗ |+〉s ⊗ |0〉m + (δγ¯ sin θ + ωγ cos θ)|1〉p ⊗ |+〉s ⊗ |1〉m
+ (δγ cos θ − ωγ¯ sin θ)|0〉p ⊗ |−〉s ⊗ |0〉m + (δγ sin θ − ωγ¯ cos θ)|0〉p ⊗ |−〉s ⊗ |1〉m
+ (δγ¯ cos θ − ωγ sin θ)|1〉p ⊗ |−〉s ⊗ |0〉m + (δγ¯ sin θ − ωγ cos θ)|1〉p ⊗ |−〉s ⊗ |1〉m].
Finally, we can perform the projective measurement Zˆ, Xˆ and Zˆ on the probe state, system state and meter state,
respectively. Hence, the probabilities of each outcome can be read out as Pjkl=P (zp = j, zm = k, xs = l):
8P+++ = 4|(δγ cos θ + ωγ¯ sin θ)|2 = 1 + (2γ2 − 1) cos 2θ + (2γ2 − 1 + cos 2θ)(|δ|2 − |ω|2) + 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P++− = 4|(δγ sin θ + ωγ¯ cos θ)|2 = 1− (2γ2 − 1) cos 2θ + (2γ2 − 1− cos 2θ)(|δ|2 − |ω|2) + 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P−++ = 4|(δγ¯ cos θ + ωγ sin θ)|2 = 1− (2γ2 − 1) cos 2θ − (2γ2 − 1− cos 2θ)(|δ|2 − |ω|2) + 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P−+− = 4|(δγ¯ sin θ + ωγ cos θ)|2 = 1 + (2γ2 − 1) cos 2θ − (2γ2 − 1 + cos 2θ)(|δ|2 − |ω|2) + 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P+−+ = 4|(δγ cos θ + ωγ¯ sin θ)|2 = 1 + (2γ2 − 1) cos 2θ + (2γ2 − 1 + cos 2θ)(|δ|2 − |ω|2)− 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P+−− = 4|(δγ sin θ + ωγ¯ cos θ)|2 = 1− (2γ2 − 1) cos 2θ + (2γ2 − 1− cos 2θ)(|δ|2 − |ω|2)− 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P−−+ = 4|(δγ¯ cos θ + ωγ sin θ)|2 = 1− (2γ2 − 1) cos 2θ − (2γ2 − 1− cos 2θ)(|δ|2 − |ω|2)− 2γγ¯ sin 2θ(δ∗ω + δω∗),
8P−−− = 4|(δγ¯ sin θ + ωγ cos θ)|2 = 1 + (2γ2 − 1) cos 2θ − (2γ2 − 1 + cos 2θ)(|δ|2 − |ω|2)− 2γγ¯ sin 2θ(δ∗ω + δω∗).
(23)
This gives the respective 8-outcome POVMs with positive operators Πˆjkl on the target system:
8Πˆ+++ = (1 + (2γ
2 − 1) cos 2θ)Iˆ + (2γ2 − 1 + cos 2θ)Zˆ + 2γγ¯ sin 2θXˆ,
8Πˆ++− = (1− (2γ2 − 1) cos 2θ)Iˆ + (2γ2 − 1− cos 2θ)Zˆ + 2γγ¯ sin 2θXˆ,
8Πˆ−++ = (1− (2γ2 − 1) cos 2θ)Iˆ − (2γ2 − 1− cos 2θ)Zˆ + 2γγ¯ sin 2θXˆ,
8Πˆ−+− = (1 + (2γ2 − 1) cos 2θ)Iˆ − (2γ2 − 1 + cos 2θ)Zˆ + 2γγ¯ sin 2θXˆ,
8Πˆ+−+ = (1 + (2γ2 − 1) cos 2θ)Iˆ + (2γ2 − 1 + cos 2θ)Zˆ − 2γγ¯ sin 2θXˆ,
8Πˆ+−− = (1− (2γ2 − 1) cos 2θ)Iˆ + (2γ2 − 1− cos 2θ)Zˆ − 2γγ¯ sin 2θXˆ,
8Πˆ−−+ = (1− (2γ2 − 1) cos 2θ)Iˆ − (2γ2 − 1− cos 2θ)Zˆ − 2γγ¯ sin 2θXˆ,
8Πˆ−−− = (1 + (2γ2 − 1) cos 2θ)Iˆ − (2γ2 − 1 + cos 2θ)Zˆ − 2γγ¯ sin 2θXˆ.
(24)
According to the definition of the POVMs, Πˆj=± =
∑
kl Πˆjkl represents the initial weak Zˆ measurement:
Πˆj=± =
1
2
(Iˆ ± (2γ2 − 1)Zˆ). (25)
We take advantage of the outcomes of the weak measurement to calculate the POVM of Aˆ,
Πˆaj=± =
1
2
(1± Πˆj=+ − Πˆj=−
2γ2 − 1 ). (26)
Correspondingly, the probabilities of measuring observable Aˆ are given by
pa± =
1
2
(1± 〈Πˆj=+〉 − 〈Πˆj=−〉
2γ2 − 1 ). (27)
Following the similar procedure, the POVM of Cˆ, which is the general measurement associated with the observable
Aˆ, can be calculated,
Cˆ± = Πˆk=± =
∑
jl
Πˆjkl =
1
2
(Iˆ ± cos 2θZˆ). (28)
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The probabilities with respect to Cˆ are:
pc± = 〈Πˆk=±〉 = 1
2
(1± cos 2θ〈Zˆ〉). (29)
B. Calculation of the probabilities {pb±} and {pd±} for qubit state
In order to get the probabilities {pb±} and {pd±}, two Hadamard gates H are inserted to the system state before
and after the first CNOT gate. Everything else in the model is entirely identical as before. We still continue to
perform similar steps. Firstly, the state |ψ〉1 is given by
|ψ〉1 = (I ⊗H)CNOT (I ⊗H)|Φ〉p ⊗ |Φ〉s
= (I ⊗H)CNOT (I ⊗H)(γ|0〉p + γ¯|1〉p)⊗ (δ|0〉s + ω|1〉s)
=
1√
2
(I ⊗H)CNOT (γ|0〉p + γ¯|1〉p)⊗ ((δ + ω)|0〉s + (δ − ω)|1〉s)
=
1√
2
(I ⊗H)(γ|0〉p + γ¯|1〉p)⊗ ((δ + ω)|0〉s) + (γ|1〉p + γ¯|0〉p)⊗ (δ − ω)|1〉s)
=
1
2
(γ|0〉p + γ¯|1〉p)⊗ (δ + ω)(|0〉s + |1〉s) + (γ|1〉p + γ¯p|0〉)⊗ (δ − ω)(|0〉s − |1〉s))
=
1
2
[(γ(δ + ω) + γ¯(δ − ω))|0〉p + (γ¯(δ + ω) + γ(δ − ω))|1〉p]⊗ |0〉s
+ [(γ(δ + ω)− γ¯(δ − ω))|0〉p + (γ¯(δ + ω)− γ(δ − ω))|1〉p]⊗ |1〉s
= |p0〉 ⊗ |0〉s + |p1〉 ⊗ |1〉s,
(30)
where
|p0〉 = 1
2
(γ(δ + ω) + γ¯(δ − ω))|0〉p + (γ¯(δ + ω) + γ(δ − ω))|1〉p,
|p1〉 = 1
2
(γ(δ + ω)− γ¯(δ − ω))|0〉p + (γ¯(δ + ω)− γ(δ − ω))|1〉p.
(31)
Secondly, the meter state is added into the whole system through the second CNOT gate. The final system state |ψ〉f
is evolved to be:
|ψ〉f = CNOT (|p0〉 ⊗ |0〉s + |p1〉 ⊗ γ|1〉s)⊗ (cos θ|0〉m + sin θ|1〉m)
= |p0〉 ⊗ |0〉s ⊗ (cos θ|0〉m + sin θ|1〉m) + |p1〉 ⊗ γ|1〉s ⊗ (cos θ|1〉m + sin θ|0〉m)
= |p0〉 ⊗ |0〉s ⊗ |m0〉+ |p1〉 ⊗ |1〉s ⊗ |m1〉,
(32)
where
|m0〉 = cos θ|0〉m + sin θ|1〉m,
|m1〉 = cos θ|1〉m + sin θ|0〉m. (33)
Denote |+〉s = 1√2 (|0〉s + |1〉s) and |−〉s = 1√2 (|0〉s − |1〉s). |ψ〉f can be written as
|ψ〉f = |p0〉 ⊗ |0〉s ⊗ |m0〉+ |p1〉 ⊗ |1〉s ⊗ |m1〉
=
1√
2
(|p0〉 ⊗ |+〉s ⊗ |m0〉+ |p0〉 ⊗ |−〉s ⊗ |m0〉+ |p1〉 ⊗ |+〉s ⊗ |m1〉 − |p1〉 ⊗ |−〉s ⊗ |m1〉)
=
1
2
√
2
[((γ(δ + ω) + γ¯(δ − ω)) cos θ + (γ(δ + ω)− γ¯(δ − ω)) sin θ)|0〉p ⊗ |+〉s ⊗ |0〉m
+ ((γ(δ + ω) + γ¯(δ − ω)) sin θ + (γ(δ + ω)− γ¯(δ − ω)) cos θ)|0〉p ⊗ |+〉s ⊗ |1〉m
+ ((γ¯(δ + ω) + γ(δ − ω)) cos θ + (γ¯(δ + ω)− γ(δ − ω)) sin θ)|1〉p ⊗ |+〉s ⊗ |0〉m
+ ((γ¯(δ + ω) + γ(δ − ω)) sin θ + (γ¯(δ + ω)− γ(δ − ω)) cos θ)|1〉p ⊗ |+〉s ⊗ |1〉m
+ ((γ(δ + ω) + γ¯(δ − ω)) cos θ − (γ(δ + ω)− γ¯(δ − ω)) sin θ)|0〉p ⊗ |−〉s ⊗ |0〉m
+ ((γ(δ + ω) + γ¯(δ − ω)) sin θ − (γ(δ + ω)− γ¯(δ − ω)) cos θ)|0〉p ⊗ |−〉s ⊗ |1〉m
+ ((γ¯(δ + ω) + γ(δ − ω)) cos θ − (γ¯(δ + ω)− γ(δ − ω)) sin θ)|1〉p ⊗ |−〉s ⊗ |0〉m
+ ((γ¯(δ + ω) + γ(δ − ω)) sin θ − (γ¯(δ + ω)− γ(δ − ω)) cos θ)|1〉p ⊗ |−〉s ⊗ |1〉m].
(34)
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Finally, we can carry out the projective measurement Zˆ, Xˆ and Zˆ on the probe state, system state and meter state,
respectively. Hence, the probabilities of each outcome can be read out as Pjkl:
8P+++ = 1 + (2γ
2 − 1) sin 2θ + (2γ2 − 1 + sin 2θ)(δ∗ω + δω∗) + 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P++− = 1 + (2γ2 − 1) sin 2θ + (2γ2 − 1 + sin 2θ)(δ∗ω + δω∗)− 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P−++ = 1 + (1− 2γ2) sin 2θ + (1− 2γ2 + sin 2θ)(δ∗ω + δω∗) + 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P−+− = 1 + (1− 2γ2) sin 2θ + (1− 2γ2 + sin 2θ)(δ∗ω + δω∗)− 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P+−+ = 1− (2γ2 − 1) sin 2θ + (2γ2 − 1− sin 2θ)(δ∗ω + δω∗) + 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P+−− = 1− (2γ2 − 1) sin 2θ + (2γ2 − 1− sin 2θ)(δ∗ω + δω∗)− 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P−−+ = 1− (1− 2γ2) sin 2θ + (1− 2γ2 − sin 2θ)(δ∗ω + δω∗) + 2γγ¯ cos 2θ(|δ|2 − |ω|2),
8P−−− = 1− (1− 2γ2) sin 2θ + (1− 2γ2 − sin 2θ)(δ∗ω + δω∗)− 2γγ¯ cos 2θ(|δ|2 − |ω|2).
(35)
The Pjkl corresponds to 8 POVM Πˆjkl on the target system:
8Πˆ+++ = (1 + (2γ
2 − 1) sin 2θ)Iˆ + (2γ2 − 1 + sin 2θ)Xˆ + 2γγ¯ cos 2θZˆ,
8Πˆ++− = (1 + (2γ2 − 1) sin 2θ)Iˆ + (2γ2 − 1 + sin 2θ)Xˆ − 2γγ¯ cos 2θZˆ,
8Πˆ−++ = (1 + (1− 2γ2) sin 2θ)Iˆ + (1− 2γ2 + sin 2θ)Xˆ + 2γγ¯ cos 2θZˆ,
8Πˆ−+− = (1 + (1− 2γ2) sin 2θ)Iˆ + (1− 2γ2 + sin 2θ)Xˆ − 2γγ¯ cos 2θZˆ,
8Πˆ+−+ = (1− (2γ2 − 1) sin 2θ)Iˆ + (2γ2 − 1− sin 2θ)Xˆ + 2γγ¯ cos 2θZˆ,
8Πˆ+−− = (1− (2γ2 − 1) sin 2θ)Iˆ + (2γ2 − 1− sin 2θ)Xˆ − 2γγ¯ cos 2θZˆ,
8Πˆ−−+ = (1− (1− 2γ2) sin 2θ)Iˆ + (1− 2γ2 − sin 2θ)Xˆ + 2γγ¯ cos 2θZˆ,
8Πˆ−−− = (1− (1− 2γ2) sin 2θ)Iˆ + (1− 2γ2 − sin 2θ)Xˆ − 2γγ¯ cos 2θZˆ.
(36)
Here Πˆj =
∑
kl Πˆjkl represents the initial weak Xˆ measurement:
Πˆj=± =
1
2
(Iˆ ± (2γ2 − 1)Xˆ). (37)
Associated with the POVM Bˆ, one has
Πˆbj=± =
1
2
(1± Πˆj=+ − Πˆj=−
2γ2 − 1 ). (38)
The corresponding probabilities with respect to the observable Bˆ are given by
pb± =
1
2
(1± 〈Πˆj=+〉 − 〈Πˆj=−〉
2γ2 − 1 ). (39)
Similarly, for the POVM Dˆ, which is the general measurement associated with the observable Bˆ, we have
Dˆ± = Πˆl=± =
∑
jk
Πˆjkl =
1
2
(Iˆ ± sin 2θXˆ), (40)
with the corresponding probabilities
pd± = 〈Πˆl=±〉 = 1
2
(1± sin 2θ〈Xˆ〉). (41)
III. THE SAGNAC INTERFEROMETER
In the Sagnac interferometer in Fig. 1 (b) [13], the polarization and path degree of freedoms of single photons acts
as the system qubit and probe (meter) qubit, respectively. The polarization beams plitter (PBS) serves as the CNOT
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gate controlled by system qubit. The probabilities of joint measurement are strongly correlated with the performance
of PBSs in the measurement setup. In order to take account of the unideal extinction ratio of PBS [11], we define the
reflection extinction ratio as follows:
er =
RV
RH
, (42)
where the quantities RV and RH are the PBS reflectance of vertical polarization and horizontal polarization, respec-
tively. It’s obvious that when RV = 1, RH = 0, er =∞. We also define TV , TH are the PBS transmittance of vertical
polarization and horizontal polarization. The PBS behaviour can be accounted by the general unitary matrix:
UˆPBS = |0〉polpol〈0| ⊗ (
√
TH Iˆpath + i
√
RHXˆpath) + |1〉polpol〈1| ⊗ (i
√
TV Iˆpath +
√
RV Xˆpath). (43)
We discuss the performence of the Sagnac interferometer with the perfect and imperfect PBSs in sequence.
A. The Sagnac interferometer with the perfect PBSs
In the ideal case, the parameters of the PBS satisfy RV = 1, RH = 0, TV = 0 and TH = 1. Hence the unitary
matrix UˆPBS = |0〉polpol〈0| ⊗ Iˆpath + |1〉polpol〈1| ⊗ Xˆpath. Uˆpath is a CNOT gate by a half-wave plate (HWP) oriented
at 45o with path qubit as control and polarization qubit as target: Uˆpath = Iˆpol⊗|0〉pathpath〈0|+ Xˆpol⊗|1〉pathpath〈1|.
The Uˆphase is the Zˆ-phase gate induced by the difference between the reflections of |H〉− and |V 〉− polarized photons
on mirrors. Uˆγ = (γZˆpol + γ¯Xˆpol)⊗ Iˆpath is used to couple polarization qubit and path qubit with a HWP. Then the
matrix of the Sagnac interferometer can be described by
UˆC = UˆpathUˆPBSUˆγUˆphaseUˆpathUˆPBS
= (γ|0〉polpol〈0|+ γ¯|1〉polpol〈1|)⊗ (|0〉pathpath〈0|)
+ (−γ¯|0〉polpol〈1|+ γ|1〉polpol〈0|)⊗ (|0〉pathpath〈1|)
+ (γ¯|0〉polpol〈0|+ γ|1〉polpol〈1|)⊗ (|1〉pathpath〈0|)
+ (γ|0〉polpol〈1| − γ¯|1〉polpol〈0|)⊗ (|1〉pathpath〈1|)
=
 γ 0 0 −γ¯γ¯ 0 0 γ0 γ γ¯ 0
0 −γ¯ γ 0
 .
(44)
We prepare the input state |Ψ〉i = |Φ〉pol|0〉path = (cosα|0〉pol + eiφ sinα|1〉pol)|0〉path. After passing through the
Sagnac interferometer, the output state is evolved into UˆC |Ψ〉i = UˆpathUˆPBSUˆγUˆphaseUˆpathUˆPBS |Ψ〉i = (cosαγ|0〉pol+
eiφ sinαγ¯|1〉pol)|0〉path + (cosαγ¯|0〉pol + eiφ sinαγ|1〉pol)|1〉path. By introducing the measurement operators Mm′ =
〈m′|USagnac|0′〉 with m′ = 0, 1, the measurement can be described as
UˆSagnac|Ψ〉i = Mˆ0|Φ〉pol|0〉path + Mˆ1|Φ〉pol|1〉path, (45)
where
Mˆ0 = path〈0|UˆSagnac|0〉path = γ|0〉polpol〈0|+ γ¯|1〉polpol〈1|,
Mˆ1 = path〈1|UˆSagnac|0〉path = γ¯|0〉polpol〈0|+ γ|1〉polpol〈1|.
(46)
The corresponding POVM elements are
Πˆz=+1 = Mˆ0
+
Mˆ0 =
1
2
(Iˆ + (2γ2 − 1)Zˆ),
Πˆz=−1 = Mˆ1
+
Mˆ1 =
1
2
(Iˆ − (2γ2 − 1)Zˆ).
(47)
For two Sagnac interferometers after the weak measurement, we replace cos θ with γ, sin θ with γ¯. It’s simi-
lar to obtain that UˆC |Ψ〉i = UˆpathUˆPBSUˆθUˆphaseUˆpathUˆPBS |Ψ〉i = (cosα cos θ|0〉pol + eiφ sinα sin θ|1〉pol)|0〉path +
(cosα sin θ|0〉pol + eiφ sinα cos θ|1〉pol)|1〉path. The corresponding POVMs are Πˆz=±1 = 12 (Iˆ ± cos 2θZˆ).
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B. The Saganc interferometer with the imperfect PBSs
In the real experiment, all the instruments are not perfect. Therefore, it is necessary to consider the POVMs of the
Sagnac interferometer with the imperfect extinction ratio of PBSs. Suppose that the extinction ratio of two sides of
the PBS diagonal plane is e1 and e2, the unitary operator UˆC of the quantum circuit in Fig. 2 (c) is given by
UˆC = UˆpathUˆPBSUˆγUˆphaseUˆpathUˆPBS =
 t1t2γ + s1s2γ¯ (s1t2γ − t1s2γ¯)i s2γ i −t2 γ¯t1 γ¯ s1γ i 0 γs1γ i t1 γ γ¯ 0
(t1s2γ − s1t2γ¯)i −t1t2 γ¯ − s1s2γ t2 γ −s2γ¯
 , (48)
where s1 =
√
1
e1
, s2 =
√
1
e2
, t1 =
√
1− 1e1 and t2 =
√
1− 1e2 . Similarly,the measurement operators are given by
Mˆ0 =
(
t1 t2 γ + s1 s2 γ¯ s2 γi
s1 γi γ¯
)
, (49)
Mˆ1 =
(
t1 γ¯ 0
(t1s2γ − s1t2γ¯)i t2 γ
)
. (50)
The corresponding POVM elements are
Πˆz=+1 = Mˆ
+
0 Mˆ0 = a0Iˆ + b0Xˆ + c0Yˆ + d0Zˆ,
Πˆz=−1 = Mˆ+1 Mˆ1 = a1Iˆ + b1Xˆ + c1Yˆ + d1Zˆ,
(51)
where
a =
1
2
(
1 + 2γγ¯ s1s2t1t2 + s
2
1s
2
2
1− 2γγ¯ s1s2t1t2 − s21s22
)
,
b =
(
0
0
)
,
c =
1
2
[
2γγ¯ s1t
2
2 − 2γ2t1s2t2
]( 1
−1
)
,
d =
1
2
[
2γγ¯ s1s2t1t2 + (2γ
2 − 1) t22 − s22 + s21s22
]( 1
−1
)
.
(52)
Expressing s1, s2, t1, t2 in terms of the parameters e1, e2, we have
a =
1
2
(
1 + 2γγ¯
√
e1−1
√
e2−1
e1 e2
+ 1e1 e2
1− 2γγ¯
√
e1−1
√
e2−1
e1 e2
− 1e1 e2
)
,
b =
(
0
0
)
,
c =
1
2
[
2γγ¯
(
1√
e1
− 1√
e1e2
)
− 2γ2
√
e1 − 1
√
e2 − 1√
e1 e2
](
1
−1
)
,
d =
1
2
[
2γγ¯
√
e1 − 1
√
e2 − 1
e1 e2
+ (2γ2 − 1)
(
1− 1
e2
)
− 1
e2
+
1
e1 e2
](
1
−1
)
.
(53)
It is obvious that with the perfect PBS, there are e1 =∞, and e2 =∞. Hence the coefficients of Pauli matrices are
a =
1
2
(
1
1
)
, b =
(
0
0
)
, c =
(
0
0
)
, d =
1
2
(2γ2 − 1)
(
1
−1
)
. (54)
The POVMs in Eq. (51) reduce to that of Eq. (47).
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IV. ANALYSIS OF THE EXPERIMENTAL RESULTS FOR THE LINEARLY POLARIZED SYSTEM
QUBIT
In the section II, the probabilities of Aˆ is given by pa± = 12 (1± 〈Πˆj=+〉−〈Πˆj=−〉2γ2−1 ) in the Eq. (27), where we consider
the ideal CNOT gate. For the linearly polarized system qubit, |Φ〉s = cosα|0〉pol + sinα|1〉pol, it is obvious that the
LHS and RHS of the relation (4) coincide, and they are symmetrical along the straight line α = 45◦ in the ideal case,
which is shown in the Fig. 3 of the main text. But they are no longer symmetrical in the practical experiment. There
is a gap near α = 45◦ between red and the blue dots, and the gap becomes smaller as the measured strength becomes
smaller (from figure (a) to (e)). It can also be seen that the experimental results are reconstructed by the dashed line
when we take the imperfect PBS into account. Therefore the imperfect PBS is the most important factor influencing
the results of the experiment. Below we analyze how it affects the results in detail.
In the last section, we have discussed the Sagnac interferometer with the imperfect PBSs in the subsection B, where
we calculated the POVMs in Eq. (51). If we use these POVMs to calculate the probabilities pa±, we can find that
pa± =
1
2
(1± 〈Πˆj=+〉 − 〈Πˆj=−〉
2γ2 − 1 )
=
1
2
(1± (a0 − a1) + (b0 − b1)〈Xˆ〉+ (c0 − c1)〈Yˆ 〉+ (d0 − d1)〈Zˆ〉
2γ2 − 1 ).
(55)
For the linearly polarized system qubit, we have 〈Xˆ〉 = sin 2α, 〈Yˆ 〉 = 0, 〈Zˆ〉 = cos 2α. Combining the coefficients
a, b, c and d in the Eq. (52) or (53), the probabilities can be simplified to
pa± =
1
2
(1± (δ′a + δ
′
d cos 2α)), (56)
where
δ
′
a =
a0 − a1
2γ2 − 1 =
2γγ¯
2γ2 − 1
√
e1 − 1
√
e2 − 1
e1 e2
+
1
2γ2 − 1
1
e1 e2
,
δ
′
d =
d0 − d1
2γ2 − 1 =
2γγ¯
2γ2 − 1
(√
e1 − 1
√
e2 − 1
)
e1 e2
+
(
1− 1
e2
)
+
1
2γ2 − 1(
1
e1 e2
− 1
e2
).
(57)
In a similar way, we can calculate the probability pb± by adding Hardmard gate before and after the Sagnac interfer-
ometer.
pb± =
1
2
(1± (a0 − a1) + (b0 − b1)〈HˆXˆHˆ〉+ (c0 − c1)〈HˆYˆ Hˆ〉+ (d0 − d1)〈HˆZˆHˆ〉
2γ2 − 1 )
=
1
2
(1± (a0 − a1) + (b0 − b1)〈Zˆ〉 − (c0 − c1)〈Yˆ 〉+ (d0 − d1)〈Xˆ〉
2γ2 − 1 )
=
1
2
(1± (δ′a + δ
′
d cos 2α)),
(58)
where δ
′
a and δ
′
d in the Eq. (56) and (58) are the key parameters. It is obvious that the expressions in the Eq. (56)
and (58) reduce to the ideal results pa± = 12 (1 ± cos 2α) and pb± = 12 (1 ± sin 2α), respectively, when e1 = ∞, and
e2 =∞.
In the following, all dashed lines are the results with the perfect PBSs, while the smooth lines are the theoretical
results with corrected imperfection in PBSs, e1 = e2 = 50.
In the Fig. 8(a), pa+, pa−, pb+ and pb− are plotted by red, green, purple, and blue lines, respectively. We note
that pa+ and pb+ are greater than 1 for some input states, meanwhile the corresponding pa− and pb− are less than
0, due to the system imperfection in the experiment. While the impact is not so severe for the general measurements
Cˆ and Dˆ, whose probabilities are direct physical observations. The probabilities pc+, pc−, pd+ and pd− are plotted
by red, green, purple, and blue lines in the Fig. 8(b), respectively, with the measurement strength cos 2θ = 1. It is
obvious that the pc+ and pc− have a very slight difference in the ideal and unideal cases, they are symmetrical with
respect to line α = 45◦. Moreover, pd+ and pd− are always 0.5. So the main influence to the LHS and RHS are the
probabilities pa+, pa−, pb+ and pb−. By direct calculation we have
ξG1 = ||pa+ − pb+|+ |pa− − pb−| − |pc+ − pd+| − |pc− − pd−||,
ξG2 = ||pa+ − pb−|+ |pa− − pb+| − |pc+ − pd−| − |pc− − pd+||, (59)
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FIG. 8. The system state is |Φ〉s = cosα|0〉pol + sinα|1〉pol. (a)The probabilities pa± and pb±. (b) The probabilities pc± and
pd±. Dashed line: ideal theory, smooth line: theory with corrected imperfection in PBS.
and ξG,max = max{ξG1, ξG2}, see Fig. 9, where the red, cyan, black, and blue lines correspond to the results
EA + DB(LHS), ξG1, ξG2, ξG,max (RHS). It is clear why the experimental results of LHS and RHS do not coincide
for some system states.
FIG. 9. The results of LHS and RHS. The system state is |Φ〉s = cosα|0〉pol + sinα|1〉pol. The angle θ in the measurement
strength cos 2θ is set to 0◦. Dashed line: ideal theory, smooth line: theory with corrected imperfection in PBS.
V. EXPERIMENTAL RESULTS FOR THE CIRCULARLY POLARIZED SYSTEM QUBIT
For the circularly polarized system qubit, we also set the angle θ in the measurement strength cos 2θ to 0◦, 9◦, 18◦,
and 27◦, respectively. In each measurement strength, we scan the angle α in the system state |Φ〉s = cosα|0〉pol +
i sinα|1〉pol from 0◦ to 90◦. All the experimental results of LHS (red circles) and RHS (blue circles) are shown in the
Fig. 10, the former is always greater than or equal to the latter.
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FIG. 10. The experimetal results for circularly polarization states. (1) LHS and RHS. (2) Error and disturbance.The system
state is |Φ〉s = cosα|0〉pol + i sinα|1〉pol. From (a) to (d), the angle θ in the measurement strength cos 2θ is set to 0◦, 9◦, 18◦,
and 27◦, respectively. Dashed line: ideal theory, smooth line: theory with corrected imperfection in PBS, circles: experimental
results. The error bars stand for one standard deviation, assuming poissonian statistics.
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